Influence of short-range four-fermion interactions on quadratic and cubic nodal line fermion systems is studied by renormalization group theory. It is found that arbitrarily weak four-fermion interaction could drive quadratic or cubic nodal line fermion system to a new phase. According to the initial conditions and value of fermion flavor, the system may appear three kinds of instabilities. First, quadratic or cubic nodal line is split into conventional nodal lines, thus the system becomes nodal line semimetal; Second, finite excitonic gap is generated, and the system becomes an excitonic insulator; Third, the systems is driven into superconducting phase. Thus, quadratic and cubic nodal line fermion systems are rare strong correlated fermion systems in three dimension under the influence of four-fermion interactions. These theoretical results may be verified in the candidates for quadratic and cubic nodal line fermion systems.
I. INTRODUCTION
Study about topological semimetals (SMs) is one of the most important fields of modern condensed matter physics [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . On the one hand, some SMs have wide potential industrial applications due to their fantastic properties, such as large thermoelectric power [15, 16] . On the other hand, some SMs provide a platform to verify certain important concepts in high energy physics, due to that their low-energy fermion excitations resemble the elementary particles [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] .
According to energy dispersion of the fermion excitations and topological property of the system, SMs can be classified as Dirac SM (DSM), Weyl SM (WSM), multi-WSM, semi-DSM, Luttinger SM, nodal line SM (NLSM) etc [9] . Graphene is a prototypical two dimensional (2D) DSM. Angle-resolved photoemission spectroscopy (ARPES) experiments have confirmed that Cd 3 As 2 and Na 3 Bi are 3D DSM [17, 18] , and TaAs, TaP, NbAs, NbP are WSMs [8, 11, 19, 20] . NLSM has been realized in PbTaSe 2 , ZrSiS, HfSiS, and TiB 2 according to ARPES measurements [21] [22] [23] [24] [25] [26] .
In SMs, the dimension of Fermi surface is at least two less than the dimension of the system. This characteristic is different from conventional metals, in which the dimension of Fermi surface is one less than the dimension of the system [27] . In DSM, WSM, multi-WSM, semi-DSM, and Luttinger SM, the Fermi surface is composed by discrete points, where conduction and valence bands touch each other in the Brillouin zone. Whereas, the Fermi surafce of NLSM is a line in the 3D Brillouin zone. Due to the abovementioned characteristic of SMs, density of states (DOS) of SMs vanishes at the Fermi level.
Influence of interactions on SMs is an important and nontrivial question, which attracts much attentions [1, . Due to the vanishing DOS, short range fourfermion interaction is irrelevant in SM if it is weak, but may drive a quantum phase transition (QPT) to a new phase if the interaction strength is strong enough [50] [51] [52] [53] [54] [55] [56] [57] [58] . There have been studies on the effects of four-fermion interactions in SMs including 2D DSM [50, 51] , 3D DSM [52] , WSM [53, 54] , multi-WSM [54] , semi-DSM [55] , Luttinger SM [56] , and NLSM [57, 58] . These studies showed that the SMs may be driven to different phases according to the types of four-fermion interactions. Additionally, the influence of four-fermion interactions is closely related to the fermion dispersion and topological property of the system.
In NLSM, the fermion dispersion is linear within the x − y plane and also linear along the z axis [42, 43, [57] [58] [59] [60] [61] . For NLSM, DOS takes the form ρ(ω) ∼ ω, which vanishes at the Fermi level, i.e., ρ(0) = 0. Roy has analyzed the possible QPTs in NLSM under the influence of four-fermion interactions [58] .
Recently, Yu et al. proposed that quadratic and cubic nodal line fermion (NLF) systems could be realized in some materials [62] . In these materials, the Fermi surface is also a line in the 3D Brillouin zone, which is same as NLSM. However, the fermion dispersion is quadratic (cubic) within the x − y plane and also quadratic (cubic) along the z axis. Accordingly, DOS satisfies ρ(ω) ∼ ω 0 in quadratic NLF system, and ρ(ω) ∼ ω −1/3 in cubic NLF system. Thus, the influence of four-fermion interactions on quadratic and cubic NLF systems could be substantially different from the one in NLSM. This is an interesting and urgent question, which needs comprehensive study.
In this article, we resolve this question through renormalization group (RG) theory [63] .
We find that quadratic and cubic NLF fermion systems are unsta-ble to short-range four-fermion interactions. We show that arbitrarily weak four-fermion interaction could drive quadratic or cubic NLF system to a new phase. According to the initial conditions and value of fermion flavor, the system may appear three kinds of instabilities. First, the quadratic or cubic nodal line is split into conventional nodal lines, and the system becomes a NLSM; Second, finite excitonic gap is generated, then the system becomes an excitonic insulator; Third, the system is driven into a superconducting phase.
The rest of paper is structured as follows. The model is presented in Sec. II. In Sec. III, we analyze the physical meaning of various fermion bilinears, which may be generated by the four-fermion interactions. In Sec. IV, we show RG equations of the model parameters and numerical results of the RG equations. The behaviors of observable quantities in different phases are discussed in Sec. V. The main results are summarized in Sec. VI. The detailed derivation for the RG equations is given in the Appendices.
II. MODEL
The Hamiltonian density for free quadratic NLF system is given by
A is a model parameter. σ 1,2,3 are the standard Pauli matrices. The energy spectrum for quadratic NLF is
For simplicity, here we do not consider anisotropy of the fermion dispersion along k r and k z . The qualitative conclusions will not be changed if this anisotropy is incorporated. The Hamiltonian density for cubic NLF system can be written as
The energy dispersion for cubic NLF takes the form
Both the Hamiltonian densities H q 0 and H c 0 satisfy the chiral symmetry {H q,c 0 , σ 3 } = 0. Once a term H ∆3 = ∆ 3 σ 3 is generated, the fermions become gapped and the chiral symmetry is broken [62] .
We consider the four-fermion interactions described by the action
where λ i with i = 0, 1, 2, 3 are the four-fermion coupling parameters, and N is the fermion flavor. σ 0 is the identity matrix. In the following, we are only interest in the case that the initial value λ i,0 satisfies λ i,0 > 0, namely the interaction is repulsive initially.
III. PHYSICAL MEANING OF FERMION BILINEARS
Decoupling of the four-fermion interactions, we could get four different fermion bilinears ψ † σ 0 ψ, ψ † σ 1 ψ, ψ † σ 2 ψ, and ψ † σ 3 ψ. The expectation values of these bilinears are given by
... represents taking mean value on the ground state of total Hamiltonian. They have different physical meanings. If ∆ 0 becomes finite, the Fermi level is modified, and the Fermi surface is changed from 1D nodal line to 2D tube, since ∆ 0 represents the chemical potential. The original nodal line is gapless for (k r , k z ) = (0, 0) For quadratic NLF system, if ∆ 1 becomes finite, the original nodal line with quadratic dispersion is split into two conventional nodal lines with linear dispersion. These two conventional nodal lines are gapless for the cases (k ar , k az ) = 0, (∆ 1 /A) 1/2 ,
and (k br , k bz ) = 0, − (∆ 1 /A) 1/2 .
Around these two nodal lines, the fermion dispersion can be written as
where K r and K z are the momentum components relative to the nodal lines. For cubic NLF system, if ∆ 1 becomes finite, one cubic nodal line is split into three conventional nodal lines, which are determined by
(k cr , k cr ) =
The energy dispersion around these three nodal lines can be expressed as For quadratic NLF system, if ∆ 2 acquires finite value, one quadratic nodal line is split into two conventional nodal lines, which satisfy
The energy dispersion of the fermions around these two nodal lines reads as
For cubic NLF system, if ∆ 2 becomes finite, one cubic nodal line is split into three conventional nodal lines, which are decided by
Around these three nodal lines, the fermion dispersion can be expressed as
If ∆ 3 acquires finite value, the energy dispersions for quadratic and cubic NLF systems can be written as
and respectively. We can find that the fermion dispersion becomes gapped once ∆ 3 becomes finite. Physically, it suggests that the system is driven into excitonic insulating phase. For convenience, we show the splitting of quadratic and cubic nodal lines to conventional nodal lines in the presence of ∆ 1 or ∆ 2 by the schematic diagrams in Fig. 1 . For a fermion system under the influence of fourfermion interaction λ ψ † Γψ 2 where Γ is a matrix, if the RG analysis shows that the four-fermion coupling strength λ approaches to infinity at a finite running parameter ℓ c , it is usually considered that a finite expectation value ∆ Γ = ψ † Γψ is generated. The magnitude of ∆ Γ can be estimated by
where Λ ia an energy cutoff. This method has been usually adopted in the RG studies about the influence of four-fermion interactions on various fermion systems [50] [51] [52] [53] [54] [55] [56] [57] [58] [64] [65] [66] [67] .
If the four-fermion coupling parameter flows to negative infinity finally, we consider that the four-fermion interaction becomes attractive in the low-energy regime. Accordingly, system is unstable to pairing in the particleparticle channel, namely the generation of superconducting gap.
IV. RENORMALIZATION GROUP ANALYSIS
In this section, we present the RG results of the influence of four-fermion interactions on quadratic and cubic NFL systems. The detailed derivation for the RG equations are shown in the Appendices. 
A. Quadratic NLF
For quadratic NLF system in the presence of fourfermion interactions, the RG equations for the coupling parameters are given by
The transformations kF 2πA λ i → λ i with i = 0, 1, 2, 3 have been employed in the derivation of the RG equations. We notice that λ 0 does not get generated if the initial value λ 0,0 = 0.
If the initial value λ 0,0 is finite, the flows of λ 0 , λ 1 , λ 3 , λ 0 /λ 1 , λ 0 /|λ 3 |, λ 1 /|λ 3 | are shown in Fig. 2 . As shown in Figs. 2(a)-2(c), λ 0 , λ 1 approach to infinity, and λ 3 flows to negative infinity at same finite energy scale. According to Figs. 2(d)-2(f), λ 0 /λ 1 and λ 0 /|λ 3 | approach to zero. Additionally, λ 1 /|λ 3 | flows to a constant smaller than 1 for N = 1, but approaches to a constant larger than 1 for N ≥ 2. λ 1 /λ 2 is always equal to 1, which is not shown in Fig. 2 . These results indicate that arbitrarily weak four-fermion interaction induces the system to be unstable. For N = 1, eneration of superconducting gap is the leading instability. However, splitting of quadratic nodal line with generation of ∆ 1 or ∆ 2 is the subleading instability. For N ≥ 2, splitting of quadratic nodal line with generation of ∆ 1 or ∆ 2 becomes the leading instability.
If the parameter λ 1,0 takes finite value, the relations between λ 1 , λ 2 , λ 3 , λ 1 /λ 2 , λ 1 /|λ 3 |, λ 2 /|λ 3 | and running parameter ℓ are shown in Fig. 3 . λ 0 always equals to zero, if only λ 1,0 is finite initially. We can find that λ 1 always approaches to infinity at some finite value ℓ c . As shown in Fig. 3 (b) , λ 2 flows from zero to infinity at the same ℓ c . According to Fig. 3 (c), λ 3 is generated from zero and approaches to negative infinity finally. As depicted in Figs. 3(d)-3(f), λ 1 /λ 2 flows to 1, and λ 1,2 /|λ 3 | flows to a constant smaller than 1 for N = 1 but flows to a constant larger than 1 for N ≥ 2. These results represent that transition into superconducting phase is the leading instability for N = 1, but the generation of ∆ 1 or ∆ 2 and splitting of quadratic nodal line into conventional nodal lines is the leading instability for N ≥ 2.
If the parameter λ 2,0 takes finite value, we will obtain qualitatively similar results comparing the ones in the case that only λ 1,0 is finite.
If the initial value λ 3,0 is finite, the flows of λ 1 , λ 2 , Fig. 4 . According to Figs. 4(a)-4(c), λ 3 approaches to infinity at a finite ℓ c , and λ 1 or λ 2 flows from zero and approaches to infinity at the same ℓ c . As shown in Fig. 4(d) , λ 1 /λ 2 equals to 1. As displayed in Figs. 4(e) and 4(f), λ 1,2 /λ 3 always flows to a constant smaller than 1 for any fermion flavor N . It represents that generation of excitonic gap is always the leading instability for any fermion flavor, if only λ 3,0 takes finite value.
If the initial values of two coupling parameters are finite, the flows of λ 0 , λ 1 , λ 2 , λ 3 , λ 0 /|λ 3 |, λ 1 /λ 2 , λ 1 /|λ 3 |, Fig. 5 . According to these results, we find that the system could be driven to NLSM, excitonic insulator, or superconducting phase, which is determined by the concrete initial conditions and fermion flavor sensitively.
B. Cubic NLF
For cubic NLF system in the presence of four-fermion interactions, the RG equations for the four-fermion coupling parameters are given by The transformations kF 2πBΛ λ i → λ i with i = 0, 1, 2, 3 have been utilized. One could find that one type of fourfermion interaction can exist solely.
If only consider the four-fermion interaction λ 0 ψ † σ 0 ψ 2 , the RG equation for the coupling strength takes the form
The solution is
It is easy to find that λ 0 does not divergent at a finite energy scale, but only becomes divergent in the lowest energy limit ℓ → ∞. We believe that divergence of λ 0 at ℓ → ∞ does not represent the generation of a finite expectation value ∆ 0 = ψ † ψ .
If only the four-fermion interaction λ 1 ψ † σ 1 ψ 2 is considered, the RG equation for λ 1 is given by
For the fermion flavor N = 1, the RG equation becomes
The corresponding solution reads as 
We find that λ 1 becomes divergent at a critical value
This result implies that a finite expectation value ∆ 1 = ψ † σ 1 ψ is generated under the influence of four-fermion interaction. The magnitude of ∆ 1 can be roughly estimated by
where Λ is an energy cutoff. Similarly, if only the four-fermion interaction λ 2 ψ † σ 2 ψ 2 is considered, we could find that a finite expectation value ∆ 2 = ψ † σ 2 ψ is generated for N > 1.
Considering only the four-fermion interaction λ 3 ψ † σ 3 ψ 2 , the RG equation for the coupling strength can be written as If N = 1, the RG equation becomes
The corresponding solution is given by
which is divergent in the limit ℓ → ∞. Thus, for N = 1, finite expectation value ∆ 3 = ψ † σ 3 ψ should not be generated. For N > 1, solving Eq. (43) gives rise to
It is found that λ 3 approaches to infinity when ℓ → ℓ 3c , where
Therefore, for N > 1, finite expectation value ∆ 3 should be generated under the influence of four-fermion interaction λ 3 ψ † σ 3 ψ 2 . The magnitude of ∆ 3 can be estimated by
If the initial values of two coupling parameters are finite, the flows of λ 0 , λ 1 , λ 2 , λ 3 , and the ratios between them are shown in Figs. 6-8. We notice that the coupling parameters which vanishes initially are generated. The absolute values of λ 0 , λ 1 , λ 2 , and λ 3 all approach to infinity at a finite RG running parameter ℓ c . The ratios between the coupling parameters in the limit ℓ → ℓ c are determined by the initial conditions. After checking these ratios, we find that the system would become to NLSM, excitonic insulator, or superconducting phase, according to the concrete initial conditions and the value of N .
V. OBSERVABLE QUANTITIES
For convenience, we compare the observable quantities in different phases. For convenional NLF system, the DOS satisfies
where v F and v z are the fermion velocities within x − y plane and along z axis. The specific heat and compressibility depend on temperature as
For quadratic and cubic NLF systems with an excitonic gap ∆ 3 , the retarded fermion propagator takes the form
where η is infinitesimal. The spectral function is given by
The DOS can be written as
Substituting Eq. (2) into Eqs. (53) and (54), we can get the DOS for quadratic NLF system
Substituting Eq. (4) into Eqs. (53) and (54), the DOS for cubic NLF system can be written as
If ∆ 3 = 0, ρ q and ρ c become
and
respectively. For quadratic and cubic NLF systems with finite excitonic gap ∆ 3 and finite chemical potential µ, the propagator of fermions in Matsubara formalism can be written as
where ω n = (2n + 1)πT with n being integers. The parameter chemical potential µ is introduced to calculate the compressibility subsequently. The free energy of the fermions is given by
where
Carrying out the frequency summation, we obtain
which is clearly divergent. In order to get a finite free energy, we redefine F f (T ) − F f (0) as F f (T ), and get
Taking the limit µ = 0, we have
The specific heat is defined as
Substituting Eq. (2) into Eqs. (64) and (65), we find that for quadratic NLF system, if ∆ 3 = 0, the specific heat reads as
If ∆ 3 is finite, the specific heat satisfies
in the limit ∆ 3 >> T . For cubic NLF system, substituting Eq. (4) into Eqs. (64) and (65), for ∆ 3 = 0, we obtain
For finite ∆ 3 , we have
in the limit ∆ 3 >> T . The compressibility is defined as
Substituting Eq. (63) into Eq. (71) and then taking µ = 0, we can get the expressions of compressibility for quadratic and cubic NLF systems. Concretely, for quadratic NLF system, the compressibility is given by
for the case ∆ 3 = 0, and
for finite ∆ 3 in the limit T ≪ ∆ 3 . For cubic NLF system, in the case ∆ 3 = 0, the compressibility reads as
in the case ∆ 3 = 0, where
For finite ∆ 3 ,
in the limit T ≪ ∆ 3 .
VI. SUMMARY AND DISCUSSION
In summary, we study the influence of four-fermion interactions on the quadratic and cubic NLF systems by RG theory. We find that arbitrarily weak four-fermion interactions could drive the system to NLSM, excitonic insulator, or superconducting phase, which is determined by the concrete initial conditions and value of fermion flavor. The remarkable interaction effects in quadratic and cubic NLF systems are closely related to the dispersion of fermion excitations.
Yu et al. predicted that quadratic NLF system may be realized in the candidate materials including ZrPtGa, V 12 P 7 , ZrRuAs, and cubic NLF system may be realized in CaAgBi [62] . We expect our theoretical predictions may be verified experimentally in these candidate materials for quadratic and cubic NLF systems in future.
Recently, Volkov and Moroz found that nodal surface fermion system is another strong correlated system in three dimension, since it would be driven to excitoninc insulator phase under arbitrarily weak Coulomb interaction [68] . where H q 0 is given by Eq.
(1). The fermion propagator for cubic NLF system can be written as
where H c 0 is expressed by Eq. (3).
Appendix B: Self-energy of the fermions
The self-energy of fermions induced by Fig. 9(a) is defined as
where ′ represents that a momentum shell will be properly taken. Figure 9(b) results in the self-energy of fermions as following
Substituting Eq. (A1) or Eq. (A2) into Eqs. (B1) and (B1), we obtain
for both of quadratic and cubic NLF systems. Thus the fermion propagator is not renormalized by the fourfermion interactions to one-loop order.
Appendix C: One-loop order corrections for the four-fermion couplings
General expressions for the one-loop order corrections
The correction contributed by Fig. 10(a) is given by
The diagrams as shown in Figs. 10(b) and 10(c) lead to the correction for the four-fermion couplings as following
The correction for the four-fermion couplings resulting from Fig. 10(d) can be written as
A momentum shell bΛ < k 2 r + k 2 z < Λ with b = e −ℓ will be utilized in the derivation, where ℓ stands for the running parameter.
Results for quadratical NLF
Substituting Eq. (A1) into Eqs. (C1)-(C6), we obtain
From Eqs. (C7)-(C9), we get
3. Results for cubic NLF Substituting Eq. (A2) into Eqs. (C1)-(C6), we get
From Eqs. (C15)-(C17), we find
Appendix D: Derivation of the RG equations
Quadratic NLF
The action for the quadratic NLF is
In the low-energy regime, the action for quadratic NLF can be also written as
Employing the transformations
the action for the quadratic NLF becomes
which recovers the form of the original action.
The action for the four-fermion interactions between quadratic NLFs is given by
Incorporating the one-loop order corrections, the action becomes
Adopting the transformations shown in Eqs. (D3)-(D6), and
the action can be written as
which recovers the original form the action. From Eq. (D11), we obtain
Substituting Eqs. (C11)-(C14) into Eq. (D13), we get the RG equations
The transformations
with i = 0, 1, 2, 3 have been used.
Cubic NLF
The action for the cubic NLF takes the form
which is equivalent to
Using the transformations
which has the same form as the original action. The action describing the four-fermion interactions between cubic NLFs is given by
Including one-loop order corrections, the action becomes
Utilizing the transformations shown in Eqs. (D21)-(D24), and
the action becomes
which has the same form of the original action. According to Eq. (D29), the RG equation for λ i is given by
Substituting Eqs. (C19)-(C22) into Eq. (D31), the RG equations for λ i can be written as
with i = 0, 1, 2, 3 have been adopted. 
